ВЫЧИСЛЕНИЕ ОПРЕДЕЛННОГО ИНТЕГРАЛА
Тип занятия: контрольная работа

1. Вычислить площади фигур, ограниченных линиями:
1)   с осью OX и прямыми  
2)    с осью OX и прямыми  
3)   с осью OX и прямыми  
2. Вычислить определенные интегралы:
1) 
2)
3) 
4)
5) 
6) 
7) 
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13 npuBeneHHbIX MpPUMepOB BHIHO, YTO CHOMXEHHE KOMIIEKC=
HBIX YHCeJ1 TpPOM3BOAMTCA 110 OObIYHBIM TNpaBUAAM CIOXeHHs
MHOT OY/IeHOB.
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Puc. 132,

M3 reomerpuueckoro HcronKoBaHUS KOMILIEKCHBIX YHCeN Kak
BeKTOpOB CJeEAYeT, 4TO CJOXKeHHWe KOMIJIEKCHBIX YMCes NPUBO=-
IMTCS K C/AO0XEHHMIO BEKTOPOB NO NpaBuay, ARaHHoMy B § 88.

Ha pwuc. 132 usobpaxeno caoxenne KOMMAEKCHBIX UYHCEN
2, =342 n 29=2-14i.

§ 211. Boluntanue KOMNJEKCHHLIX Yuced

Onpeneneunne. Ilon suuumanuem u3 KOMIIEKCHOrO
uucna 2y ==a, + b,i 2pyroro KOMILIEKCHOTO YMCMAA Zy == @y - Dyl
noapasyMeBaeTcss OThHICKaHMEe TAakoro uucna z = a - bi, xotopoe,
Oynyun cnoXelo C BLIYHTAEMBIM 2, J3eT YMeHbluaeMoe 2.

Takum o6pasowm,

2] — 2y=2,
eCIH Z— Zo== 2, HIH
(ay =+ b)) — (@ +by) =a 4- bt
npH YCJAOBHM, 4TO
@+ bi 4 ay byl = a; b1,
[Tpoussoas cnoxeHue, noayuaem:

@+ a)+ b+ b)) i=0a,+ b
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TlpuMensa yC/AOBHS paBeHCTBA ABYX KOMILIEKCHBIX wHced,
noayuaem:

a-+a,==@q,, OTKyla a==a,— Q
b —+— b2 = bl’ OTl(yﬂ.a b == bl —- b2.
Ipu ebiyumanuu 08YX KOMRIEKCHBLX Yucen OMOEAbHO
CHIYUMAIONICA UX OeldCmBUMENbHbIE U MHUMblE HACHIL.
(Ipumenp.
3— 21— (143)=
=38 -4+ (—2—3)i=
=2 — 5

B reomeTpuueckom ucroa-
KOBaHUM  BbIYHTAHHE  KOM-
MAEKCHBIX ~ UMCe]  O3Hayaer
BbIUHTaHHE COOTBETCTBYIOLIMX
uM BekTOpoB. Ha puc. 133 naobpaxeno spiuntanne us 2, =5 - 3i
YHCAR Zo= —- 2.

Pue. 133.

§ 212. YmHoKeHUe KOMNJEKCHBIX HHceJ

IlBa koMunexcHbLIX uucaa a—+ bi u a, -+ b,i nepemHoNaTCA
no OOLIYHOMY TIPABHAY YMHOXEHHS MHOTOYJEHOB; B MOAYYEHHOM
pe3yabTate 2 3aMeHseTcs Ha —1 u oTzensercss neHcTBHTE.Iblas
YaCTb OT MHHMOMN:

- >
ACHCTBHTEeAb- MHHUM4d 4acCTb
Hast 4acTb

3ameuaeM, UTO npou3sedeHue 08YX KOMNAEKCHBLX Hucen
echtv INAKIHCe HUCAO KOMIAEKCHOE.

JTO NMpaBUIO YMHOXKEHHS DACNpPOCTpaHseTcs W Ha 6oabliee
YHCJIO KOMILTIEKCHBIX MHOXHTeaeH.

Mpumepn. 1) (2—3)@B+5)=6—9i+ 10i — 15/ =
=0 +{— 15 . (—1)=21 41,

2) 441i) 20 =284 2i>=—2 4 8i.

[IpousBenenue KOMMJEKCHBIX 4YHCEA MOMET OKa3aThCa lei-
CTBHTE/NbHLIM YHCJAOM. B yaCTHOCTH, 3T0 OyleT NpH YMHONKCUUH
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IBYX CONMPSKEHHHX KOMITIEKCHWX YHCen:
(a— bi)(a — bi) = a? + abi — abi — b%? = a? 4 b =r?,

rie r — MOAY/Ab KaMiIoro M3 COMHOMXHTeJeH.

Hrak, npoussederHue 08YX CONPANCEHH:HX KOMNACKCHBLX
Yyucesn eCmo HUCA0 OeldcmBumenbHoe, pagHoe K8aopamy ux
o6uez0 M00yAA.

[IpuseneM eule npuMep, MNOKa3bBaOUIHH, YTO B pe3y/abTarTe
NeACTBUH Hal KOMILICKCIlbIMH YHCJAAMH MOUYT TOAYYHTbCH HHTE-
pecHble COOTHOLIelHd B 00/acTH AeMCTBUTENBHBIX 4yHCed,

Himeercs nBa npoussenpenns:

(a+ b)) (c +di)y=ac — bd + (bc +ad)i

(a — bi)(c — di)y=ac — bd — (bc + ad) .
[TepeMHOMHB 3TH paBCHCTBA MOUYMEHHO, MOJYYHM:
(@2 + 0% (¢? + d?) = (ac — bd)? 4 (bc + ad):.

TMocnentee paBencTBO COIEPHHT HCKJIIOUHTENLHO REHCTRU-
Te/AbHblE YHC/IA H BHPAXKAET Clenylouee COOTHOLICHHE U3 TEOpHH
YHCeN: TMPH YMHOMEHHMH 1BYX 4HCEJ, KaXI0e M3 KOTOPHX eCTb
CyMMa IBYX KBAaaApAaToOB, NOJyYaeTcs TNpou3Beienue, npeicra-
Basiolee COGOR Takke CYMMY LBYX KBaiDaToB.

IMpumep ol 1)(1+4)(9+25)—5 34 =170=12413%

2) (25 4 4) (1 4 9) = 29 - 10 = 290 = 12 4 172,

§ 213. JleneHue KOMNJEKCHBIX 4uceJ

Yacmubum om OeneHusi 08YX KOMNAeKCHoLX 4uces a -+ bl
U @)+ b;f HA3bIBAETCA TAKOE KOMIVIEKCHOE YHUCA0 X —+ Vi, KOTO-
poe, Oynyuh YMHOMEHO HA IHeadTeNb, naeT B MNpOU3BEleHHH
nennMoe.

Takum obGpasowm, ecau O,H.HOBpeMCHHO KO3 dUUHEHTH a; U 0,

He paBHBbl HYJIO, TO, NoJaras +b 7 = X - Vi, uUMeeM:
a,
a+bi=(a,+ b)) (x + yi),

a—+bi=a;x — by (b)x +a;y)i.
M3 ycnobua paBescTBa IBYX KOMIJEKCHBIX YMCEN Cleiyer:
ax —by=a,
{ hx +ay=>.

HIH
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Peiuas 31y cuctemy, Haxoaum:
poa—T + bb, a,b — ab,
=—a g VY= 5o
ai+ b ay+ b,

CnenoBatenbHo,
a-bi aay + bb, a;b — ab,
=9, 3 -+ L
ay +4-byi ay b ay -4
[Tpouie 3TOT pe3y/AbTAT MOXKHO MOJAYYHUTb YMHOXEHHEM LEeAMMOro
M NeaUTeJSl HAa CONPSKEHHOE HeNMTENI0 YUCJO:
a+bi — (a+bi) (al —bll) — aal +bb| +(a]b -abl)i —

a6 (a+by9) (8, — i) ay 4 by
aa|+bb| ab—ab
=— =5t
a; + b4 ai+ b,

ATuM npasuaoM genenus M OylzeM PYKOBOACTBOBAThLCR
B JaabHellueMm.

[Tpumephi.
243 _ @I C—h _4=3B460—2 T 4,
o +i  QR¥ne—p Pz =F T EHhH
gy =4 __ (B—(=3) 12—12—16i—9l %
443 (4+3i) (430 1649 25 T T "
§ 214. CreneHn MHHUMO eZHHHUIBI
[Mosb3ysick paBeHCTBOM i2==— 1, /erko ONpeneauth Mo6yio
Leayi0 MOJA0KHUTENbIYIO CTEMeHb MHHUMOM eauHMubl. FimeeM:
B=P=—1d=—1i d=2.2=1;, P=i.1=;
Bt P=—1; = —1i B=1u 1. 1

JTO MOKa3biBAET, uTO 3HAuelus cremedd i", rae n — uenoe
MOAQKHMTENbHOE UUC/IO, MePHOIHYECKH MMOBTOPAIOTCH NMPU yBelH-
yeduu nokasateas Ha 4. [lostomy, uToGbl BO3BECTH YHUCAO I
B USAYI0 MOJOXHTE/bHYI0 CTemeHb, HAalO MOKa3aTenb CTemeHd
pa3senutb Ha 4 M BO3BeCTH [ B CTeNeHb, MNOKas3aTedb KOTOPO#H
paBeH OCTaTKy OT LeJeHHS.

[Tpumepu.

e A Y ey

Bz 02 =2 — |, Pl B P=—,

B006Lue jin+l — i, 1{nt2 — 12 — — 1. 4n+3 — 3 — —_1, i — 1.
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§ 215. Bo3BeneHue B cTeéneHb KOMMJEKCHOTo yucna

BosBenenne KOMIJIEKCHOTO uHMCAa B LEAYI0 MOMOKHUTENAbHYIO
CTeNeHb NMPOM3BOAMTCA MO MpaBUAY BO3BELEHHA IBYY/l€HAa B CO=
OTBETCTBYIOULYIO CTEMEHb, TAK KAK OHO mpeiacTasiadeT coOoi yacT-
Hbll caydalt YMHOXEHHA OLMHAKOBBIX KOMILJIEKCHBIX MHOXHTE/NEH.

Mpuwmeptl. (a+bi)? = a?+2abi + b%? = (a?—b? -+ 2abt;
(@ + bi)3 = ad+-3a%bi+-3ab%? 4 b33 = (a3—3ab?)+(3a2—b3) L.




image1.png
§ 208. KomnaexcHrie uncaa

He Bcfikoe kBampaTHoe ypaBHeHUe MMeeT KODHH Cpeld neft-
CTBUTEJABHBIX UMCeN; Hanpumep, ypaBHenue x4 1=0, wuu
x2=— 1, He uMeeT KOpHe#, TaK KaK HeT TaKOro JeHCTBHTe/b-
HOro uMc/Ia, KBaapar Koroporo Obln On paBeH — 1.

3anaya peuleHusi KBaapaTHOrO YypaBHeHHS Buga x?—4-02=0
(b #+ 0) nocnyxuna oLHUM U3 TNOBOLOB I/ BBEICHHS HOBBIX,
TaK HAa3bIBAEMbIX MHUMBX HUCEA.

BeexzeMm HoOBoe uucno { — MHumY0 eduruyy, — obnaaaioutec
TeM CBOHCTBOM, YTO KBaapaT ero paBeH — l:

P2=—1.

Mu npunumaeM Ge3 [H0Ka3aTenbCTBA, YTO MOXHO BBECTH
HOBble UYICJa, TaK Ha3kBaeMble KOMNACKCHble YHuCAQ, TaKue,
YTO, NPHUCOEIUHMB HMX K HM3BECTHBIM 11aM YXe AeHCTBUTENbHbIM
yuc/aaM, TNOJAYUMM MHOXECTBO uHCesa, Hal KOTODBIMH MOXHO MO
OObIUHBIM TIPaBUAAM BLINOAHATL apudMeTHueckHe geHCTBUA, H,
KpOMe TOro, Cpeiu HOBHIX uucen Oyaer CYWieCTBOBaTb YMCIO I,
o6Jsanamwoliee CBOHCTBOM

Onpeanenenue. Yucaa suda a-+bi, 20e a u b—- dsa
delicmBumenbHbolX YUCAQ, HA3LIBAIOMCA KOMNACKCHMU. YK1Cno a
Ha3biBaeTcs Oelicmeumenvnoli wacmoio, bi— MHUMOE wacmbio
KoMmiekcHoro uucaa. Hanpumep:

34920 (a=3; b=2); %—zVT(a = b=—V7).
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IlBa xommnnekcHnix uncna a -+ bl u a, + byl cuuraiorca pas-
HbiMu B TOM M TOJBKO B TOM Cjyuae, €CMM DaBHbl B OTHe/be
HOCTH MX HeHCTBUTe/bHble M MHMMble 4acTH, T. €. eC/au

a+tbi=a +bi T a=a, b=b,.

Ecin a=0, b0, To xoMnaexcHoe 4ucao a -+ bi o6pa-
u1aeTCa B YMCTO MHUMoOe uucao bi; b HasbiBaetcss koadhduuHeHTOM
npu MHUMOH elMHMLUE.

Ecan b=0, TO xoMNJAeKkCHOe 4YuCIA0 @ -+ Ol CcTaHOBHTCH
LefICTBUTEJLHBIM YHC/IOM, DaBHBIM @.

MHOXeCTBO KOMIJIEKCHbBIX YHCeJa COLepPXHUT B cefe KaK 4acThb
(NOOMHOXeCTBO) BCe AefACTBUTE/]bHBIE UYHCIA, @ TAaK¥KE BCE YUCTO
MHUMBlE 4WC/A3; [OPYTMMH  CJOBaMH, AeHCTBUTe/nbHBIE uYHCIA,
a TaKXe MHHMble YUCAA TNPeACTaBASIOT 4YaCTHbie C/AydYad KOM-
N/IEKCHBIX YKCell.

Hanpumep:

5=5+40-.1 (a=2>5; b=0);
—3U=04(—3)i (a=0; b=—3).
Mpumeuvanne 1. C noMowbio MHUMOH emuHHLBI ! MOXNeT

ObiTb BBIpaX{eH KBaAPAaTHHI KOpeHb M3 OTPHULATENbHOrO 4YHC.a.
Hanpumep:

V=d=Va—)=2; V—5=Y5.V—1=1V5.
[IpuMeuanne 2. Bsemenve KOMIUIEKCHBLIX uHCea JOenaeT
BO3MOXHbBIM pellleflie KBaapaTHbIX yYpaBHeHUH C OTPHLATENbHbLIM
JIMCKPUMHHAHTOM; HanpuMep, ypaBHenne x2 — 6x -+ 13 =0 unmeer
ABa KOMIIEKCHBIX KODHA: X; ,==3 X 2.
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§ 209. l'eomeTpuueckoe npencTaBjJeHne KOMNJEGKCHBIX Yuced

[IpuHATO KOMMJEKCHOoe YHCa0 2 ==a -} bi n306paxarb TOY-
kot M Ha naockoctd; abcurcca 3TOR TOYKM paBua AEHCTBH-
TeNMbHOW uacCTH @, opauHara pasHa b, T. e. xosdpduuuenty npu
MuuMoit eamnuue (puc. 129). BcakoMy KOMMJIEKCHOMY 4YHCAY
COOTBETCTBYET oOMNpeleseHHas TOYKa Ha MJIOCKOCTH, H Hao0opoT,
BCAKOM TOYKE HA MJAOCKOCTH COOTBETCTBYeT OnpeneleHHOe KOM-
NJ1eKCHOEe YUCO.

Takum o0pasoM, yCTaHAaBIMBAeTCA B3aMMHO OJHO3HAYHOE CO-
OTBETCTBHE MeXIY TOUKAMHM KOOpAMHATHOH maockocTH xOY n Mho-
KECTBOM KOMILIeKCHbIX uncen. Toukam, newawmum Ha ocH Ox,
COOTBETCTBYIOT AeHcTBUTEAbIIbe Yncaa (b == 0); TouKkaM, Jexalnm
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Ha OCH OpIMHAT, — MHMMble uHcaa. Tak, HanpuMep, KOMMIEKCHOE
yucno 3 —+-4i usobpasurca Toukoh A (puc. 130), KOMIIEKCHOE
yucno — 3 - 2{ usobpasurca Toukol B, uucao 3/ uzobpazuTcs
Toukoh C, uucao — 2/ u300pa3uTCs TOYKOH /).

Onpenenenue. J[IBa KOMIMEKCHBIX uyMCnd 2 =a 4+ bi
R 2Z==a — bi HA3HIBAIOTCA CONPANCEHHbBIMU, OHU OTIAHUYAIOTCS
TONIbKO 3HAKOM INepeil MHHU-

Mofi uacTblo. .9;} o/
[Tapa conpsxeHHbIX KOM-
MMEKCHBLIX uncead HM306paxa- tC oM
ercs toukamu M u M;, cuwm- B
METPDHYHbIMH ~ OTHOCHTEN ui:v
i
0 T T T E"—
1 M L
b
t + + o L B/
0 a z
1 1 oM,
Puc. 129. Puc. 130.

ocu abcuucc. Ha puc. 130 touku M u Al usobpaxaior conps-
JKeHHble KOMIUIEKCHbIe yncaa 23/ u 2 — 3i.

Moxuo narb euie ApYroe reoMeTpilueCcKoe HCTOMKOBAliHe
KOMILIEKCHOTO uucaa a - bi.

Coexnum Hayano koopauuat O ¢ Touxoht M (a; &) (puc. 129).

—_—
Toraa Bektop OM MOXHO NpUHATb 33 reoMeTpHuyeckui#t o6pas
KOMIWIEKCHOrO uYhcna 2 = a -+ bi, npuyeM neficCTBUTeNbHAA YACTL 4

—
ectb npoexkuus BekTopa OM Ha ocb Ox, koadduument b 1pn
MHHMOR elMHMUe ecTb MpoeKuus BekTOpa Ha ocb Oy:

— —
a=npx0M; b=npy oM.
O6a cnoco6a reoMeTpHuYecKOro NMpeacTaB/eHHs KOMILIEKCHBIX
ypcesN PpAaBHOLEHHBI, TaK Kak Bcsko#t Touke M naockoctu xOy
—_
COOTBETCTBYeT onpeneneHHblt Bektop OM, u 1Hao60pOT, BCAKOMY

—
BekTopy OM, Haya10 KOTOPOro COBManaeT C HAayanOM KOOpAM-
HaT, COOTBETCTBYeT oONpenejenHas Touka M — Koueu BekTopa.




image5.png
Onpenenenune. Modysesm KOMRAEKCHOZO 4ucaq 2z ==

= o -+ bl HasbiBaeTcd JEHCTBUTENbHOE YHCAO [ == 1/'a‘2—'+-/'72.
B reomerpuyeckOM HMCTONKOBAHWH MOAYAb — 3TO LJMHHA pa-

IHyCca-BeKTOpa —0_/171 Uucao r TNOAOKUTENbHO U obpalaercs
B HyAb Jullb B TOM cayuae, korna a =0, b=0.

Ilns 0603HayeHuss MOAY/A KOMIIJIEKCHOTO yHcJaa 3TO 4HC1O
GepeTcs B BepTUKAMbHLIE 4Yep-
TOYKH, Hanpumep: 7\

' 1—1/32 L 42-—5- M.
|3+4;|_1/32+42_5,_ 3 "
|—2—i|=V 22+ 12=V5. ;

B uacriom cayyae npu b =20 S
uMeeM: 0 z
la+0.1|=VaF0=|al,

M, —T

T. €. MOLYJb AEHCTBUTE/JBHOTO
yuc/aa ecTs abCOMOTHAA BEJINYMHA Puc. 131
sToro uucaa. [losTomy Moaymb B
KOMM.IeKCHOTO YMC/d Ha3blBalOT eule M abCcoOMOTHOH Be.anyunoft
3TOr0 4ucna.

Bce koMniekcHbie 4YHMC/Aa, HMEIOLWHE MOIY/b, paBHbIH eli-
HUie, HU300pawalwTCcst TOYKAMH eIMHHYHOIO KpYyra C UueHTpOoX
B Hauyaje KOOpAMHAT, HallpuMep, uHcaa

7 VT, .
Yz V2, L _Yii _os+tos

usobpaxatoorcad Toukamu M;, M, uw Mz (puc. 131).

§ 210. CnoxweHnue KOMNJNEKCHBIX Hucex

Onpeaenedune. Cymmoil 08yX KOMNACKCHHLX HUuCel
2y==a,+bi u 2y=ay— byi Ha3biBAETCA KOMIIEKCHOE YHCIO
2 =a-}bi, nedcTsuTesbHA] W MHUMasg YaCTH KOTOPOTO papiif
COOTBETCiBEeHII0 CYyMMe LeHCTBHUTENbHBIX M MHHMBIX 4YacTed c.ia-
FacMbiX UHCEN 2, H 29, T. €. 2 == 2|+ 29 ==(a; + ay)+ (b, -+ 0,) .

[Tpumepbi

D QC4+3)+B—D=02+3)+@B— )i=5+2;

2) (4 —-5i)+ (24 5i)=6;

3) (2m + ni) -+ (m — 2ni) = 3m — ni.




