ИССЛЕДОВАНИЕ ФУНКЦИЙ ПРИ ПОМОЩИ ПРОИЗВОДНОЙ
Тип занятия: лекция
Основные вопросы:
1. Возрастание и убывание функций. Признак возрастания и убывания функции.
2. Экстремумы. Необходимое и достаточное условие существования экстремума.
3. Направление выпуклости графика функции.
4. Точки перегиба. Правило нахождения точек перегиба.
Литература:
1. Клюшин В.Л. «Высшая математика для экономистов», 2009
2. Ермаков В.И. «Сборник задач по высшей математике», 2009
Домашнее задание:
1. Изучить материал §18.1 – 18.3, 19.1 – 19.2 учебника
2. Изучить материал лекции, приведенной ниже. Составить конспект по данным двум источникам.
3. Решить №12.220, №12.222, №12.246, №12.251 из задачника.
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6. BeinykJjocTh 1 BOoTHyTOCTh rpacduka bynkiuu. Touku me-
peruba. Ha pucynke 54 mocrpoen rpacduk auddepennupyemoii pyHK-
min y = f(x). B Toukax A, B u C mnocrpoum KacaTejbHbie K IpaduKy.
Buagno, 1yro Bce TO4YKM rpaduka,
I0OCTATOYHO OJim3kue K Touyke A u
JiexKkalye 1no obe CTOPOHBI OT Hee,
PaCIOJOXKEHbI HUXKe KacaTeJabHoi. B
TOM ciy4dae rpacduk dyukiuun f(x)
HA3bIBAETCS BLINYKABIM 8 mouke A.
Bce Toukm rpaduka, AOCTATOIHO
Ooauskue Kk Touke C' W Jjexkalue 0
0o0e CTOPOHBI OT Hee, PacCHOJOXKEHDI O
BBIIIIE KacaTeJbHOH. B Takom ciydae
rpaduk dyHkiun f(xr) Ha3bIBaETCS Puc. 54
goznymuvim 6 mouke C.

['padbuk auddepennupyemoit byukuuu y = f(xr) Ha3BIBAETCS 6bI-
nyxavim (802HYyMbIM) B UHTEpBaJe (a;b), ecid OH SIBJASIETCS BbBIMYKJIBIM
(BOoruyThiM) B KaXkJ0#l CBOeil TOoUke ¢ mepBoil koopauHatoi u3 (a;b). Ha
pucyHke 54 rpacduxk mexay toukamMu A u B sBJsIeTCS BBINMYKJIBIM, &
mMexkay ToukaMu B u C' — BOrHYTBIM.

KacarenbHnasi, mpoBejieHHas1 yepe3 Touky B (puc. 54), nepecekaer rpa-
¢uk. I[Ipu 3TOM BO BCex TouKax rpacdpuka, OJU3KUX K TouKe B u Jiexkalnux
cjieBa OT Hee, rpadUK sIBJSIETCS BBIMYKJBIM, & BO BCEX TOYKaX rpaduka,
JIEXKAIUX CIIPpaBa OT TOYKM B u O0au3kux K Hel, rpaduk sIBJSIETCS BOI-

HyTbiM. Touka rpaduka muddepenuupyemoit byukiun y = f(x), npu

Y A

S /
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mepexojie 4epes KOTOPYIo IpadUK MEHSET BbLINYKJOCTb Ha BOIHYTOCTb W
Ha00OpOT, HA3BIBAETCS TOYKOH nepe2uba. B dacTHOCTH, HA pucCyHKe 54
Touka B — ToukKa neperuoda.

Cdopmysupyem 6e3 10Ka3aTENbCTBA TEOPEMbI, MO3BOJISIIOIINE HAXO-
JUTHh UHTEPBAJbI BLINYKJOCTH U BOIHYTOCTH, a TaKxKe TOYKHM mneperuda.

Teopema 1. FEcau emopas npouseoduasn f'(x) dynxuuu y = f(x)
noaostcumenvua (ompuyamensvrna) 6 unmepsase (a;b), mo epadur smoti
PYHKEUUY ABAAECNCA 802HYMBIM (BBINYKADLM) 8 IMOM UHMEPSANE.

Teopema 2. FKcau emopas npouseoduasn f'(x) dynxuuu y = f(x)
00pawWaeMesa 6 Mmovke Tg 6 HYAb U NPU Nepexrode weped Imy mouwky MEHAEM
auar, mo mouxa (xo; f(xo)) epadura dannoti pynryuu Asasemea mMoukod
nepeauoa.

N3 3Trx TeopeM BBITEKAET CXeMa MCCJIEJ0BAHUA HA BBHINYKJOCTb U BOI-
HYTOCTb ABaXKabl quddepennupyemoit byukuu y = f(x):

1) HaxomuTcst BTOpasi npousBoaHas f''(x) u pemaercss ypaBHeHue

f(z) =0; (2)

2) KOPHH 9TOr0 ypaBHEHHUs IeJisAT 00JIacTh ONpejeseHusl BTOPO# Mmpo-
u3BogHOU f"(x) HA MHTEpBaJbI, B KaXK/10M u3 KoTopbix f"(x) coxpansier
cBoii 3HaK. B wuuTepBasax, rne f"(x) < 0, rpaduk byukuun y = f(x)
SIBJISIETCSI BBIMYKJIBIM; B uHTEepBaJiax, rae f"(x) > 0, rpaduk 3Toit ¢pyHK-

WM sIBJISIETCS BOTHYTHIM. KopHu ypaBHeHusi (2), mpu mnepexoje depes
koTopbie f"(x) MeHsieT 3HAK, SIBJAIOTCS TOYKaMu neperunba rpaduka.

[Ipumep 1. KpuBas y = 22 BOIHYTA Ha BCEl YMCJIOBOH OCH, TaK KakK y =
=2 > 0 (puc. 55)

[Ipumep 2. Kpuasi y =Inz Beinykia B npomexyrke (0; +00), Tak Kak

1
B 9TOM npoMexyTke y' =—— <0 (puc. 56).
T
[ITpumep 3. KpuBas y = z3 BBIITYKJIa, B poMexxyTKe (—oo; 0), Tak Kak B
sToM npoMmexxyTke 3y = 6x < 0, u Boruyta B npomexxyTke (0; +00), TaK Kak B
Y A Y A Y A
y = x> y=Inz y =3
o] /1 z 01 z
o 1 &
Puc. 55 Puc. 56 Puc. 57
nem y' =6z > 0; mpu x =0 y" =0, cnegosarennno, Touka (0;0) — Touka

neperuba (puc. 57).
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1. Bospacranue u yobiBauue dyukiumii. Pyukiuus f(x) Ha3bIBa-
ercst so3pacmaroueti (yobwearouweti) B nureppaje (a; b), eciin, KAKOBbI Obl
HY ObLJIM 3HAYEHUS L1 U Ty U3 ITOrO UHTEPBAJIA, U3 HEPABEHCTBA Lo > I
BbITeKaeT HepaBeHCTBO f(r2) > f(x1) (coorBercTBenno f(x2) < f(x1)).
Ecnu ke ajas Takux x1 U To U3 HEPABEHCTBA To > T CJEAYeT Hepa-
BeHCTBO f(x2) = f(x1) (f(z2) < f(x1)), To byukiusa f(x) naspiBaeTcs
neyoueatowet (Hesodpacmaroweti) ua (a; b).

DyHKIUK BCEX ITUX TUIIOB HOCAT 0DLIee HA3BAHUE MOHOMOHHbIL .

MoHoTOHHBIE (PYHKIIUU YaCTO BCTPEUAIOTCSA B PA3JIMYHBIX MCCJEI0BA-
HUsIX. BbICOTa pacTyiiero jepesa, HalpUMep, WJIM BEC CO3PEBAIOLIEIO
3epHa — 3TO MOHOTOHHO HeyObIBalomue (PYHKIMU BPEMEHH; OCBEIIEH-
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HOCTb, MEHSIIOIIASCS 110 Mepe yJaJieHUsl OT UCTOYHUKA CBeTa, — MOHOTOH-
HO YObIBawIIass PyHKIUS PACCTOAHMS.

PazymeeTcs, cymecTBylOT MU He MOHOTOHHbIe (pyHkuuu. Hanpuwmep,
TeMIIEPATypa BO3JyXa B TeUYeHUE I'oja — He MOHOTOHHasA (PYHKIUS Bpe-
MEHM, XOTs Ha MPOTSXKEHUHM HECKOJBKUX YaCOB OHA MOXKET ObITb U MOHO-
TOHHOM, MOBBIIASICH K MOJIYJIHIO UJIM IOHUXKASACh K Be4yepy.

Teopema 1. Feau dynkuyua y = f(x), dupdepenyupyeman 6 un-
mepsaae (a;b), neybuesarowasn (He603pPACMAOWGA) HA HEM, O €€ NPOU3-
600HASA 8 IMOM UHMEPBANE HE OMPUUAGTNENLHE (HE TOAOHCUMENDHE), M. €.

flle)20  (f(=) <0).

JHokazaTeabcTBo. llyctb £ — mpousBosbHOE 3HaYEeHUE W3 HH-
tepBaJia (a;b). [lpumagum s3ToMy 3HadeHHIO x mpupaiieHue Az, Takoe,
aTo0bl TOYKa « + Az npunHamiexasa wHrepBaay (a;b). Ecau f(x) He-
yobiBaromas ¢pyaknusi, To Ay >0 npu Ax >0 u Ay <0 npu Az < 0.
B oboux ciayuasix Ay 5 > 0 u, ciegoBarenbho, f'(z) = lim Ay 5 > 0. Ec-

Az ~ Ay Az—0 Ax
au xe f(x) HeBo3pacTatomas GyHKIHS, TO o <0wn f'(z)<O.

Teopema 2. Feau gynxuyusa f(x), duddepenyupyeman 6 unmepsa-
e (a;b) ydosaemsopsem 6 nem ycaosuro f'(x) >0 (f'(x) <0), mo ama

dynryua eozpacmaem (yomsaem) 6 unmepsase (a;b).

Hoka3zarTteabcTbo. Cormacio ¢gopmyne Jlarpanxka Jjsi npous-
BOJbHBIX 1 U Zo (r1 < T2) u3 (a;b) umeem: f(xz2)— f(z1) = f'(¢) X
X (ry—x1), Tie x1 < ¢ < x2. CaemoBarennvho, ecin f'(z) >0 B (a;b),
0 f(x2)— f(x1) >0 uwnu f(x2) > f(x1) u 3agannas GpyHKIUSA BO3pAC-
taeT B (a;b). Ecim xe f'(z) <0 B (a;b), To f(x2)— f(z1) <0 wnam
f(xs) < f(x1) u nannas GpyHKIUA yOLIBAET.

[IpuBeseM HECKOJBKO MPUMEPOB HCCJEI0BaHKs (PYHKIUH HA BO3PAC-
TaHue U yObIBaHMe.

[Ipumep 1. ®yuknusa y = e® Bclogy Bo3pacraer, Tak Kak y = e® > 0
IJ1s1 BCeX .

Mpumep 2. ®yuxkuus y = 2> yGbiBaeT B mpoMexyTke (—o0; (), Tak Kak
B sroM npomexxyTke y = 2x < 0. D1a ke dynkiua B npomexyTke (0; +00)
BO3PACTAET, TAK KaK B NOCJIEIHEM TpoMexyTke y = 2z > 0.

2. MakcuMyMbl 1 MUHUMYMBI (DYHKITHUIA.

Onpenenenue. [opopsar, uro dyukius f(xr) umeer B TOUKe I
MaxcumMym (MUHUMYM), €CIH CYIIECTBYeT TaKasgi OKPECTHOCTh TOYKHU X
(g —0; o+ ), 9TO MJisA BCEX T U3 ITOW OKPECTHOCTH, OTJIMIHBIX OT I,
BBINIOJIHSIETCSI HEPABEHCTBO

f(z) < f(xo)  (f(z) > f(mo))-

Nuage rosopsi, byHknus f(x) nMeer B TOYKE Ty MAKCUMYyM (MUHH-
MyM), €CJIM JJs JOCTATOYHO MaJjoro mpupamenus Az (ar060ro 3Haka)
BBINOJIHSIETCS] HEPABEHCTBO

flwo+Az) < f(wo)  (flwo+Az)> f(xo)).
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MakcumMyM uJM MUHUMYM (PYHKLIUU HA3BIBAECTCSA IKCMPEMYMOM
dbyHKIUMN.

ITo ompeneneHHI0 MAKCHUMYyMOB M MHUHHUMYMOB (DYHKIIUM OHH MOLYT
JOCTUIAThCs JIMIIbL BHYTPU 00JIaCTH
onpejiesieHnsI, KOHIIbI CEerMEHTOB 00- Y4
JIACTU OIpejieJieHUsI HEe MOTYT CJIy-
YKUTb TOYKAMH, B KOTOPBIX (DYHKI[US /
NPUHUMAET IKCTPEMY M.

Ha pucynke 52 unzobOparkeH rpa-
duk PyHKINU, KOTOpass NIPUHUMAET
B TOYKE | MAKCUMYM, & B TOUYKE I
MUHUMYM. 0, 1 9

Fcau wucciaegyemass Ha 3SKCTpe- Puc. 52
MyM yHknusa guddepeHuupyema,

TO U3y4YeHHEe CBOICTB €€ MPOU3BOAHON HaeT BO3MOXKHOCTh HAXOJAUTb TOY-
K1, B KOTOPbIX (DYHKIUS MIPUHUMAET IKCTPEMYM.

Teopema 1 (HeoOXomuMMoOe yCIOBHE CYIIECTBOBAHHS IKCTPEMYMA).
Eeau gpynxyus f(x), duddepenyupyeman 6 unmepsase (a;b), umeem 6
mouke xo, a < Tg < b, axcmpemym, mo ee npoussodnas 6 IMol MOUKe

pasHa HYAI0: f/(xo) = 0. (1)

JTa TeopeMa eCTb HeNoCpeJCTBEHHOe cieicTBre TeopeMbl Pepma.

S Y

[Ipumeuyanue Ycaosue (1), Oyayun HEOOXOAUMBIM YCJIOBHEM 3SKCTPE-
MyMa, HE SIBJISIETCS JOCTATOYHBIM YCJIOBUEM SKCTPEMYMAa, YTO IOKA3BIBAET CJIe-
AYIOUUH IpuMep.

[ITpumep 1. Oynkuusi f(x) = x° He uMeeT IKCTpeMyMa, B TOuke xg = 0
(pazuoctb f(x)— f(0) MeHsieT 3HAK NMPU U3MEHEHUHU 3HAKA apryMEHTa I), XOTsI

3

/ .
ee MPou3BogHAadA Y = 342 obpaljaeTcss B 3TOM TOYKE B HYJIb.

Teopema 2 (gocTaTOYHOE YCJIOBHE CYLIECTBOBAHUSI KCTPEMYMA).
Ecau npouseoduasn dyuxuyuu f(x) obpauwaemcs 6 movwke Tg 6 HYAL
(makrue MoKy HA3BBANMCA CMAUUOHAPHLLMU) U NPU Neperode wepe3 Imy
MOYKY 6 HANPABAEHUU B03PACTMAHUA T MEHAEM 3HAK Naoc (MUHYC) HG
munyc (natoc), mo 6 mouwke xg ama GynKuua umeem makcumym (MuHU-
mym). Feau owce npu nepexrode wepes mouky To npouseodnas GyHKUUU
f(x) e mensem snaxa, mo 6 amoti mouke dynrxyus f(x) sxcmpemyma
He uMmeem.

JlokazarteanbcTBo. [Jonycrum, uro f/'(x) mensier 3Hak mitoc Ha,
munyc. Torma, coryiacHo Teopeme 2 1. 1 HacTosimero maparpada, B J0-
CTATOYHO MAJIO OKPECTHOCTH TOYKH T CJIeBa OT xo (byHkuus f(x) BO3-
pactaer u f(z) < f(xp), a cupaa or Hee dyHkiuus f(x) ybbiBaeT u
cioBa f(x) < f(zg). CaegoBaresbHO, sl BCEX & W3 JOCTATOYHO MAJION
OKPECTHOCTH TOYKH T (Kpome caMoii 3TOil TOYKH) OyaeT BBHINOJHATHCSA
HepaBeHcTBO f(x) < f(xg), T. e. B Touke xo dyHKuus f(x) umeer Mak-
CUMYM.

Anajiornutoe 0Ka3aTeJbLCTBO U B CIy4ae 0OOpaTHON CMEHbI 3HAKA.

[Ipeanonoxum Tenepb, 4TO NPHU NEpPexoe Yepe3 TOUKY Lo NPOU3BO/I-
Hast pyukiuu f(r) He mensier 3uaka. Torga mo Teopeme 2 n. 1 HacCTOAIIETO
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nmaparpacda Kak CjieBa, TaK U crnpaBa oT rg GhyHKuus f(x) aubo BO3pac-
TaeT, JUO0 yObIBaeT U, CJIeJOBaTEJbHO, HE MOXKET HMETb 3KCTPEMYyMa, B
TOYKE X.

OTciona ciaemyer TakKoe NpPasu.ll UCCAEJ08AHUA PYHKUUU HO IKCMPe-
MYM C TIOMOIIBIO TepBoil mpousBoaHoii. [lycte B unTepBajie (a;b) mana
nuddepennupyemast pyukuusa f(x):

1) HaxoguMm ee nmpousBojanyio f'(x);

2) naxoguMm Kophu ypaBuenus f'(x) = 0;

3) BoIsicusieMm 3HaK f'(x) cjieBa u cripaBa OT KaXkJI0r0 U3 ITUX KOPHEil u
COIJIACHO TeOpeMe 2 BLIHOCHM 3aKJII0UEeHUEe 00 3KCTpEMyMe;

4) BbIUKCIsieM 3HaYeHUsT PYHKIUU B TOYKAX IKCTPEMYMA.

[Tpumep 2. Uccnenopars Ha 3akcrpemym dyaknuio f(x) = e® —x. Hus
sroro HaxoguM: f (z) = e — 1. [lpupasHuBag ee K Hy.I0, noaydaeM eX—1 =0,
orkyna: £ =0. Tak kak ga 2 <0 e*—1<0, agua >0 e*—1>0, ToB
touke ¥ = (0 paHHas PyHKIUs ©MeeT MUHUMYM, ripudem f(0) = 1.

[Mpumep 3. Ucciaeposars na skcrpemym dyukuuio f(z) = z° — 3z + 2.
I1J1s1 5TOr0 BBIYUCIISIEM ITPOU3BOIHY IO

flz)=32"-3=3(z"-1)=3(z+1)(z—1)

/
u HaxonuMm Kopuu ypasHenusi f'(x) =0. Umeem: 1 = —1, 9 = 1. 3arem co-
[VIACHO TOJIyYEeHHOMY IPaBUJIy IOCJIE€JOBATEJIbHO 3allOJIHAEM CTPOKH TabJIUILIbI:

€T < —1 r1=-—1 —-1<zx<1 o =1 x>1
f () + 0 — 0 +
MaKCHUMYM MWUHHUMYM

[Ipumep 4. Ucciaeposars na sxkcrpemyM dbyuxuuio f(z) = z° 4+ 2. Vmeem
() =32°=0, orkyna £ =0. Tak kaxk iput 2 <0 u 2 >0 f'(2) >0, T0 PyHK-
must f(x) =x°+2 B rTouke = =0 3KCTpeMyMa HE UMeEET.

3. UccaenoBanue (pyHKIMIA HA 3KCTPEMyM C IIOMOIIbIO BTO-
poit npousBogHoi. Clenywinas TeopeMa sIBJSETCsI BTOPbIM JOCTATOY-
HBbIM YCJIOBHEM CYLIECTBOBAHUS IKCTPEMYMa.

Teopewma. Iycmv pynryus f(xr) umeem 6 mouke Ty u ee okpecm-
HOCMU HENpPePuIeHblE NEPEYI U 8mopyto npoudsoduvie, npuvem f'(xg) =
=0, f"(xg) #0. Toeda dynrxyus f(x) umeem 6 mouke Ty MUHUMYM
(marcumym), ecau f"(xo) >0 (f"(zo) <0).

JlokazartenbcrTro. [lyecrs f”(xg) > 0. Tak kak f'(x) Henpepbis-
Ha B TOYKe T, TO (cM. § 12, m. 1) f"(x) > 0 u B HEKOTOPOI OKPECTHOCTH
TOYKHU To. B 9T0# okpecTHOCTH TOUKM o byHknus z = f'(x) Bo3pacTaer,
tak Kak z' = f"(x) > 0. Ho f'(xq) = 0. CrnenoBaresbHo, npu mnepexoje
depe3 TOUKY T B HANpaBjeHUu Bo3pacranus f'(r) MeHsieT 3HaAK MUHYC HA
IJIIOC U TIOTOMY, COIJIACHO TeopeMme 2 1. 2 HacTosimero naparpada, f(z)
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MMeeT B TOuke To MuHUMyM. JlokasarenncTBo B caydae f"(xg) < 0 aHa-
JIOTUYHO.

JTa TeopeMa M03BojsieT CPOPMYJIUPOBATH 6MOPOE NPAGUAO OTHICKA-
HUST IKCTPeMyMa (DyHKIHH, B KOTOPOM MEHSIETCS JIMIb MYyHKT 3). DTOT
IYHKT 3aMEHSIETCs Ha, CJIeAYIOLIee:

HaXOJUM BTOPYIO mpousBognyto f"(x), BbIUKCIsIEM ee 3HAYEHUS JJIs
KaKJI0ro U3 HaleHHbIX KOpHeil ypaHenusi f'(x) = 0 u coracHo TOJBKO
4TO JOKA3aHHON TeopeMe BbIHOCHM 3aKJII0YeHHne 00 IKCTpeMyMe.

3aMeTHM, YTO MOJb30BATHCS BTOPBIM IMPABUJIOM OOBIYHO MPOLIE, YEeM
nepBbiM. Ho eciim BTOpasi mpou3BOAHAsI B KOPHE NEPBOil NMPOM3BOMHOIA
o0OpalaeTcss B HyJb, TO MCIOJb3YIOT NEPBOE MPABUJIO OTHICKAHUS IKCTPE-
MyMa.

Il puwmep. IlpumenumM BTOpOe MPaBUJIO OTHICKAHUSI IKCTPEMYMa, AJIsI pac-
cMmoTpenHoii Boime dynkuuu f(x) = e — x. Umeem: f'(0) =0, f"(z) = e,
£7(0) =1 > 0, ciegoBarensno, £ = 0 JaeT MUHUMYM, T. €. IPUXOJUM K TOMY
YK€ Pe3yJIbTATY.




