УРАВНЕНИЕ ПЛОСКОСТИ.
Тип занятия: лекция
Основные вопросы:
1. Общее уравнение плоскости. Частные случаи уравнения плоскости. 
2. Уравнение плоскости, заданной тремя точками. Уравнение плоскости в отрезках.
3. Пересечение плоскостей. Угол между плоскостями.
4. Параллельность и перпендикулярность плоскостей.
Литература:
1. Клюшин В.Л. «Высшая математика для экономистов», 2009
2. Ермаков В.И. «Сборник задач по высшей математике», 2009
Домашнее задание:
1. Изучить материал § 9.1 учебника.
2. Изучить материал лекции, приведенной ниже. Составить конспект 
3. Решить задачи: №2.37, №2.41, №2.44 из задачника.




















[image: ] [image: ] [image: ] [image: ]
image1.png
Ecnu B TpexMepHOM MNpOCTDAHCTBE 3ajaHa cucTeMa koopauuat Oxyz, To
ypasnenuem nogepxnocmu S Ha3bIBaeTCs Takoe ypaBHeHne F(x,y,z)=0 mexuay
TEPEMEHHBIMH X,y,Z, KOTOPOMY YJOBJIETBOPSAIOT KOOPIMHATEI BCEX TOYEK NAHHOM

TOBEPXHOCTH M HE YJOBJIETBOPAIOT KOOPIMHATBI TOUEK, HE JEXAIMX Ha 3TOH
TIOBEPXHOCTH S .
TpocTeiiieii NOBEPXHOCTHIO B IIPOCTPAHCTBE ABJIACTCS ILIOCKOCTD.

HenyneBoit BeKTOp 7, KOTOpbIi MEPIEHIMKYISAPEH KakKIOMY BEKTOPY,
JIeKaleMy B IIOCKOCTH (7, HA3bIBAETCS HOPMAILHBIM BEKTOPOM JTO# ILIOCKOCTH.
Ecmu 7i = {4,B,C}— HOpMaJbHBIii BEKTOp ILIOCKOCTH, TO BekTop Afi ={A1A4,AB,AC},
rae A #0, Gyaer Takke HOPMATLHBIM BEKTOPOM ILIOCKOCTH.

TIpennonoxum, 4To MIOCKOCTh (9 MMEET HOPMANbHbIH BekTop 71 ={4,B,C} u
nMpOXOAMT uepe3 Touky M (x),,,z,). Ecmn Touka M(x,y,z) HpUHALIEKHT
NI0CKOCTH (2, TO BekTOphl 7i={A4,B,C} u MM ={x—x,,y—¥,,z—2,} Oyayt
nepreHuKy/ApHbl. Kak M3BECTHO, /Ul TOro uTOGbI ABa BEKTOpa d M b ObLIM
OPTOrOHANBHEI, HEOOXOAMMO M JOCTATOYHO YTOOBI HMX CKAIAPHOE MPOM3BEJICHHE
pasHsiioch Hymo. [Tostomy 7 »MOA;I 0 M B KOOPJMHATHOI 3aIHCH:

A(x=x,)+ B(y=y,)+ C(z=2,) =0 .0

OTO ypaBHEHHE HA3bIBACTCS YPAGHEHUEM NIOCKOCHIU, NPOX0OAW{el uepe3
moury M(xy,o,2)) -

PackpeiBas ckoOku u  obosHauas —(4x, + By, +Cz))=D, mnonyyaem
YPaBHEHHE BHIA

Ax+By+Cz+D=0, (7.2)
KOTOpO€ Ha3bIBACTCs oﬁmuM YpasHeHuem niockocmu.

U3 (7.2) BumHO, YTO ypaBHEHME ILIOCKOCTH JHHEHHO OTHOCHMTEIBHO IEPEMEHHBIX
X, ), z.

OueBHIHO, YTO IUIOCKOCTh B BEKTOPHOH (opme Moker ObITh 3a1aHa
YPaBHEHHEM:

A-F+D=0, (7.3)
Tne 7i— HOpMamb IUIOCKOCTH; 7 =(X,y,z)—PaJHyC-BEKTOP MPOU3BONBHOI TOUKH

TUIOCKOCTH.
OTMETHM HEKOTOpbIE YaCTHbIE ClTy4aH ypaBHenus (7.2):
1. Ecu D=0, to Ax+ By + Cz = 0— ypaBHeHHe IUIOCKOCTH, POXOJslleil Yepe3
HAYaJIO KOOP/IMHAT;
2. Ecu  D#0, A=0, 10 By+Cz+D=0- ypaBHeHHe ILIOCKOCTH,
napajuelbHoi ocu Ox .
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3. Eemn D#0,C#0,4=B=0, 10 C(z+D=0-— ypaBHeHHE IUIOCKOCTH,
TnapajuIelbHOM miockoctH Oxy .
4. z=0- ypaBHeHHe mwIockocTH Oxy .

AHAJIOTHYHO PACCMATPHBAIOTCS M JIPYTHe CIydad PABEHCTBA HYIIO HEKOTOPBIX
k03 dunmenTos ypapuenus (7.2).
Tlycts Teneps B ypasHeHuH (7.2) Bce k03 GUUHEHTbI OTIHYHBI OT HyJIs.

D D D
Toraa, BBeas O00O3HA4YeHMS: a 7 b= 7 c= Bk NpPEJICTABMM ypaBHEHHE
(7.2) B BUJIC ypasHeHUR NAOCKOCHU 6 OMPE3KAX:
AN (7.4)
a b ¢

JUist Toro 4ToObl Yepe3 TPU KaKHe-IHOO TOYKH IPOCTPAHCTBA MOXKHO OBLIO
TPOBECTH EIMHCTBEHHYIO IUIOCKOCTh, HEOOXOIMMO, YTOOBI STH TOUKH HE JISXKAIH Ha
onHoii mpsiMoii.  Pacemotpum Touku M(x, yi, z)), Ma(xa, ya, z2), Ms(xs, ys, z3) B
JIeKapTOBOii cHCTeMe KoopauHat. [list Toro uro0bl MPOM3BONbHAA Touka M(X, y, z)
JIeKala B OJHOM IUIOCKOCTH ¢ Toukamu M), M, M; HEOOXOAMMO, 4TOObI BEKTOPBI
MM, M,M,,M,M GbU KOMILIAHAPHEL, T.¢. (M,M,, M M, M,M ) =0.

MM ={x-x:y-y:z-z}
MM, ={x, =Xy, = yi2, =2}
MMy ={x; = x;5p; =y zs =2}
Ypaeuenue nnockocmu, npoxooaweii 4epes mpu mouKu:
x-x, y-y z-z

X=X V2=V BT
M=% V3= ZTE
CocTaBuM ypaBHEHHE IIOCKOCTH, IPOXO/AIICH Yepe3 JaHHbIE TOUKH
M(x), y1, z)), M>(x5, y5, z5) 1 IPOU3BOJIBHYIO TOUKY M(X, y, z) NapajLIebHO BEKTOPY
=(a,,a,,a;) -

(1)

Bexroper MM ={x-x;y-y;z-z}, MM,={x,-x;y,=y;%-z}u

BEKTOp @ = (a,,a,,a,) JOKHBI ObITh KOMILIAHAPHEL, T.e. (M M, M M,.d)=0

x=x, y-y z-z

z (1.6)

X=X V2= %
a a, a,
TInockoCTh, 3aJaHHYI0 OOLIMM yPaBHEHHEM, MOXHO TOCTPOMTE MO JIMHUAM e
TIepeceyeHUs C KOOPAHHATHBIMH IUIOCKOCTAMH.
Ilpuvep | T1oCTPOUTS IIOCKOCTH
1. x+2y+3z-6=0
2. x+3z-3=0
3. y-2=0
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Pemenue.
1. Honoxum z=0 B ypaBHeHuHn x+2y+3z-6=0. Torza mnoxydum

x+2y—6=0— ypaBHeHue mnpsmoii B rmiockocth Oxy. Ecim y=0, To
X+ 3z —6=0— ypaBHeHHe NPAMOii B III0CKOCTH Oxz .

2. B ypaBHenun x+3z—3=0 OTCyICTBYeT IlepeMEHHasi y, YTO O3HAYAET, YTO
HOpMalbHbIH  BekTop 7 ={1,0,3}, nepmenmukynspern ocu Oy (i-j=0).
CrnenoBatenbHO, JaHHAs IUIOCKOCTh mHapamtensHa ocu  Oy. VYpaBHeHue
x+3z-3=0 MOXHO paccCMaTpuBaTh KaK Clie[l JAaHHOH IUIOCKOCTH B

mnockocTd Oxz.
3. VpaHenue y—2=0u300paxkaer IIOCKOCTb, MapajLIelbHyIO IUI0cKoCTH Oxz

M nepecekarontyio ock Oy B Touke y=2.

Yeon mexncoy 06yma naockocmamu B NPOCTPAHCTBE (O PAaBEH YIIy MEXIy
HOpMAIIAMH K 3THM ILIOCKOCTAM. Takoe ompejeneHHe MO3BOJSAET B KAuyecTBE yria
MKy IUIOCKOCTAMM —paccMaTpuBath JuOO — OCTphIH, b0 Tymoit yroi,
JIONOJHSIOIME APYT Apyra A0 77 . VI3BECTHO, YTO IUIOCKOCTH MOTYT OBITh 3aJaHbl

COOTHOLLICHUSIMM:

o1 n_, -F+D =0

22 n_z -F+D,=0,

e Z(A,, B, C), n_z (A5, B;, Cy). Yron Mex1y BeKTOpaMH HOPMAIIM HaiiieM U3 UX

CKAIIAPHOTO [POH3BEICHHS:

Takum 006pa3oM, yroj Mexy IIOCKOCTSMH HaXOuTCs 1o popmyie (4.6):
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A4, +BB,+CC,

cosp=———L2 12 12
JAZ+ B+ A+ B+ C?

Ha ocHoBe mosnyueHHOH Bbimle (OPMYIBI IS HAXOMKICHHS YA MEKIY
IUIOCKOCTAMH MOXKHO HAHTH YCIIOBHS NapaulebHOCTH M HEPIEeHIMKYJISPHOCTH
TLIOCKOCTEH.

Ecnu se mockocti

o1 Ax+By+Cz+D =0u

02 Ax+B,y+Cyz+D,=0
napasiebHbI, TO MX HOpMallbHbIe BeKTOphI 71 = {4, B,,C\} u 7, = {4,,B,,C,}
KOJUIMHEAPHBI, T.€. U3 YCJIOBHs KOJUIMHEAPHOCTH JIByX BEKTOPOB:

pill preo =BG
LG

PasenctBo (7.7) npejcTaBisieT yCIoBHe NapajuIeIbHOCTH ABYX ILIOCKOCTEH (0
U ().

Eciu nBe miiockoctH ) M () NEPEHAUKYJAPHBI, TO MX HOPMAbHbIE
BEKTOPbl TAKKE IMEPNEHUKYJIAPHBI, T.€. M3 KPUTEPUs OPTOTOHAILHOCTH [BYX
BEKTOPOB BBITEKACT:

1L o, 44,+BB,+CC,=0 (7.8)

Pagenctso (7.8) mpencTaBiser yCIOBHE —NEPIEHIMKYIAPHOCTH  JIBYX
IUIOCKOCTEH 0 U ).
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